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visual system can derive an accurate model of the relative depths of moving points.

even in the presence of noise in their image positions; second, the accuracy of the

3-D model improves with time, eventually reaching a plateau; and third, the 3-D

structure currently perceived appears to depend on previous 3-D models. Through

computer simulations, we relate the results of our psychophysical experiments with

the predictions of Ullman's model.
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INTRODUCTION

A valuable source of three dimensional (3 D) information is provided by the rel-
ative motions of elements in tihe changing two- dimensional (2 D) image. The remark-
able ability of the human visual system to recover 3-D structure from motion was
explored in many early perceptual studies (for example. Wallach & O'Connell, 1953;
Gibson & Gibson, 1957; White & Mueser, 1960: Green. 1961: Brainstein, 1976; Jo-
hansson, 1973, 1978; Rogers & Graham. 1979; Ulhnan. 1979). Thc,;e .:tudies rev'c
that the human system can recover the structure of rigid and noirigiid objects, un-
der perspective and orthographic projection, and in the ahs-ncc (f all other cues to
3-D structure. Early perceptual work typically ( tc'ise( on : o :.(,-y of qualitative
aspects of an object's structure, such as its apparent rigidity, volmne or coherence.
M.Iore rcZn*!y, :'udic: h;'- , -, quantt, ti-, ly, th . ,rcJ;-,d 3, D
structure (for example, Todd, 1982, 1984. 1985; Lappin & Fuqua, 19,S3; Braunstein et
al., 1987; Loomis & Eby, 1988, 1989; Dosher et al., 1. 39; Sperling et al., 1989).

This paper presents a set of psychophysical experiment - that cYamine both the
accuracy of the 3-D model computed by the human visual sy-tcii and rl,,. time course
of the buildup of perceived structure. The experiments ar- motivated in part by
a computational model proposed by Ullman (1984), called the incremental rigidity
scheme, in which an accurate 3 D structure is built up incrementally, by considering
images of moving objects over an extended time period. If this model captures some
aspects of the human recovery of structure from motion, then two critical predictions
arise. Fir, t, thc accuracy of perceived structure should increase over an extended
time period, and second, the current perception of structure should strongly influence
later perceptions. Also, in contrast to previous structurc -iriutm-alotion models, the
incremental rigidity scheme exhibits good perfornance in the presence of noise in the
image motion measurements, due in part to the integration of motion information
over time. This observation raises the question of how well the human visual system
performs in the presence of image noise. Through. psychophysical experiments, we
examine these three questions. Thr .-P 'omnputer simniations, we then relate the
res-ilts of our psychophysical experinie: ith the predictions of Ullman's model.

The next section briefly reviews previous coinputational and perceptual studies of
the recovery of structure from motion and introduces the model proposed by Ullman
(1984). We then present a series of experiments in which subjects perform the sim-
ple task of ordering a set of moving points in depth. Through these eyperiments., we
exmtllille the accuracy of perceived structure, the nat.ure of it. buildup over time aid
its sensitivity to noise in the visual iage. WVe conchde th- t when viewing displays
containing as few as thv'e points undergoing relative notion, th lie huiman visual system
can derive quite an accurate model of the relative depths of the points, even in the
presence of noise. The accuracy of the 3 D nodtel inlproves ',vit h time some observers
show continued improvement up to aboi t one s'o(mi:(If of viwing. Performance eventu-
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ally reaches a plateau, beyond which there is no further improvement. After presentiing
the experimental results, we describe a set of computer simulations that reveal that
the Carly time course of the buildup of perceived 3-D structure is similar to th.t pre-

dicted by one formulation of Ullman's model. These experiments also pr,,vihle socic
evidence that the 3-D structure currently perceived depends on previous 3 1) iiod,.l].
The implications of our observations for the computation of structure from inoti(ui iII
the human visual system are addressed in our final discussion.

THE COMPUTATION OF 3-D STRUCTURE FROM MOTION

In studying the computation of structure from motion, one iInle difelv facc, tlht

problem that the recovery of structure is underconstrained; there are Infinitelv 1;,1v
3-D structures consistent with a given pattern of motion in the changing 2 -D in ,_e.
Additional constraint is required to establish a unique interpretation. Early percept ,aIl
studies suggest that the presumned rigidity of objects may play a key role in the re-
covery of structure from motion (Wallach & O'Connell. 1953; Gibson & Gibson, 19.5:
Green, 1961; Jansson & Johansson, 1973; Johansson, 1973. 1977). Comnpiltational
studies establish that rigidity is a sufficiently powerful constraint to derive a u1e1T,
interpretation of structure under a variety of viewing conditions.

From theoretical studies, it can be concluded that by exploiting ; rigidity con-
straint, a unique 3--D structure can be recovered from motion information alone, using
image measurements that are integrated over a small extent in space and in time (f,,"

example, Ullman, 1979, 1983; Ciocksin, 1980; Longuet -Higgins & Prazdny. 1980: Tsai
& Huang, 1981; Hoffman, 19S2: Prazdny, 1983; Kanatani, 1985; Waxman &: Ullian.

1985; Mitiche, 1986; Wxnian & Wohn, 1988). A review of many of these results can

be found in Ullman (1983), Barre, (1984) and Hildreth and Koch (1987). Theoret-
ical studies have also given rise to ,grithms for d(riving the rigid 3-D structm( w
moving objects. Exp,..rimentalion witi u.ic-, algorithms i,,s roveaitl two iiyort;Li
linitations. First, althougi, it is p,ible in thory to ,it-,v str',,t ine froniupa

inlormnation uhat is integrate ove a small extent ii, ,q,tc 1!' tiUme. su'h a st: a"- ,

may riot be robust in practice (an error analysis for the kA>X -, 1!iteu temporai extent

can, for :,eirmplc. be foTnid n WeUg. Iuang aud Aiup I D9 ). 1 -)S,)li a)-

error in the linage nicastueue:rA .: 'an lead to very ditiCreint solutions ((.iha, i:),_-'3).

Second, most previous aig,,rithiis dteriv, a 3--D structure ony when a riui, iII 'n'I. -
tation is possible, and otheiwise do not yield any interprct ation of structure or viaL or

a solution that is inrcoric,'t or unstable.

Theoretical studies ..,'st thf:t a robust, algorithm,1 for :;-'overig str.cr h. w

use motion information !h;t s more ex:einded in space (r" timne. This niclP: i,

supported in recent romenitat ii,1,; ' -i a ,Ls ( for Dxa iph.. Br&:' lI: {ri. 195 n.1

1983; Ullman, 1984; Aiv, ,,. :ees &: Baker1...
X asurnoto & ie,.io(h i , "'1,1: .5t rv : , m al., i !3S6; aiiiIrh )4 ic'. £ 9, tj: S ,ai .' ' .

-11l/or
Jist
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1986; Landy, 1987; Waxman & Wohn, 1988; Bhanu & Burger, 1988).

With regard to the human visual system, the dependence of perceived structure
on the spatial and temporal extent of the viewed motion has not yet been studied
systematically, but the following informal observations have been made. Regarding
sjpatiu extent, two or three points undergoing relative motion are sufficient to elicit a
perception of 3-D structure (Borjesson & von Hofsten, 1973; Lappin & Fuqua, 1983:
Braunstein et al., 1987; Petersik, 1987), although theoretically the recovery of struc-
ture is less constrained for two points in motion, and perceptually the sensation of
structure is weaker. An increase :n the number of moving elements in view can yield
a more compelling sense of 3-D shape (Todd et al., 1988; Dosher et al., 1989; Sperling
et al., 1989), but its influence on the accuracy of perceived structure is unclear (see,
for example, Petersik, 1980; Braunstein et al., 1987). Regarding the temporal extent
of viewed motion, Johansson (1973) showed that a brief observation of patterns of
moving lights generated by human figures moving in the dark (comir.cnly referred to
as biological motion displays) can lead to a perception of the 3-D motion and ..

ture of the figures. Other perceptual studies indicate that the human visual system
requires an extended time period to reach an accurate perception of 3-D structure
(Wallach & O'Connell, 1953; White & Mueser, 1960; Braunstein & Andersen, 1984b;
Doner, LappiiA & Perfetto, 1984; Braunstein et al., 1987; Siegel & Andersen, 1988;
Husain, Treue & Andersen, 1989). A brief observation of a moving pattern sometimes
yields an impression of structure that is flatter thax, the true structure of the moving
object. Thus, the human visual system can derive some sense of structure from mo-
tion information that is integrated over a small extent in space and time. An accurate
perception of structare, however, may require a more extended viewing period.

The sensitivity of early structure-from-motion algorithms to error in the image
motion measurements raises the question of how sensitive is the human recovery of
structure to image noise. Lappin, Doner and Kottas (1980) showed that small amounts
of noise could disrupt subjects' ability to discriminate between different amounts of
coherence in structure-from-motion displays. This study used only two frames in
alternation, however. Other experiments have shown that subjects can tolerate larger
amounts of noise when extended sequences of images are used (Petersik, 1979; Doner,
Lappin & Perfetto, 1984; Todd, 1984, 1985; Husain, Treue & Andersen, 1989). Todd's
studies, in particular, show that subjects can make an accurate assessment of 3---D
shape and motion in the presence of large amounts of visual noise.

Although most algorithms for recovering structure from motion are unable to
interpret nonrigid motions, there are exceptions to this that can interpret restricted
classes of nonrigid motions (for example, Rashid, 1980; Hoffman & Flinchbaugh, 1982;
Bennett & Hoffman, 1985; Koenderink & Van Doom, 1986; Subbarao, 1986). The
mechanism for recovering structure from motion in the human visual system appears
not, to be based strictly on the rigidity assumption. It is an everyday experience to



peiccive thie structure and~ mlotionl uf deforiming oh-,t slicd as a flowing river, anl

expanding balloon, or a (lancing 1)allicrula. Such experiences are rich with) ialiv cues
to 3-~D structure. In controlled percciptilal studies that Isolate relative ITIOVC-cnieit as a
single cue to 3-D structure.. however, it also appears that the hiuman visual systemi c-an
derive some sense of structure for a b~road range of nlonrigid mlot ions, includ~ing retl-
ing, bending and even m-ore, compleIx tyves of deformations (for exaniiple. Johanls-on.
1973, 1978; Ja.-)-son &- Johansson, 1973; Cutting, 1982; Todd, 1982, 1984, 198-5:Loiu

&Eby, 1988, 1989). Furthermore, displays of rigid objects Ii motion sointieus giVe
rise to the perception of somewhat distorting objects (Wallach. Weish-z &- Adams,. 19356:
White & Mueser, 1960; Braiinsf-*nv 1976; Sperling et al., 193Si: Stwartz &, Sjwrling.
1983; Braunstein & Andersen, 1984a: Adelson, 1985; Loomis k Eby, 1988, 1989

Recently, Ullman (1984) proposed a more flexible method for deriving the sZruc-

ture of rigid and nonrigid objects that provides a natural iincaiis for integrating iflot' io

information over an extended time period. This method makes use of the iigitlitv* as-
sumaption, but in a more flexible way than previous studies. The algorithm, callc(d the
m .ncrementas' rigidity scheme, maintains anl Internal modlel of the structure of a mlovir]g
object, which is continually updated as new positions of imagi ,e leents are consiuleieo(l.

The initial model may be flat, if no other cizes to 3-D structure lire Present, or it Iiv
be determined! by other cues available, for example, from binocular stereopsis, shading.
texture or perspective. As each new view of the moving object appears. the algorithmn
computes new 3-D coordinates for points onl the object, which miaximilze the ri ' idit N
in the tranformation from the current miodel to the new positions. Ini particulair. thc
algorithm miinimizes thecine in the 3--D distances between points ii, the in(~li!.

The formulation presented by Uliran assumes the input to the recovery process,, to
consist of a sequence of discrete "-.; -s. cach containing a set of discrete feature 1),1110

whose positions :a:re obtained by n'~~vahcprojection of the scene onto the nIi1'(

p~lane. Through the process of repeatediv coisidlering a new framne in thle ~c((pi('iic,'
up)da-tiTg tHeP curren"t ruodr! of the :t ;'uctiire of (1wie movinmr- fatumr:s. theicrne
rigiditY srlheme builds 1p. anid nitna 3 --D mnodel. ai'd (aii he appldmcd )Vt Ii -- _'(

and nonripgid objects in. mlotion. Rlecelt extensions to the ii 1ciemfental rigidi(Ity eleml

use velocity '!iformatiloll Iire'tV - input t~o the recm \cry of sr ruct,,ir, fromi I,,(el

and( perspective pr(eetion (GCiz'vwacz k, Hildreth. 1987: for further hetaillS. see 11z

Grzywarz & Hildretl. 193 aiidY (1 9SK) presents a parzil('l t!ruii .re from ii

model that Implements a siilar scheme InI a Cooperative network. DetailN of thun'' tli
ferent formulations of t he increniial rigidiit schemie adressed i this 'm TT

il the sect ion onl comiput et :iu'ukl~t ciis. Ot her models have hoi ens iggs ~ a 12

rigidity by, requirin~g thl'I a~he 3 D) (l1"St ailces betweenl pimns inl i aie ehcl~l) Ve v , 1i
from one mnoment to the next for e1xam1pe. ,\Iitiche., 1918G: Siilbarao. U( .a

&Yulille. 1989). althouigh thlese :uZodels do miot build illp 3 D st rucI IVei 11'reP! '"t 211

as n mi's pr-oposed sCheme).



The features of the incremental rigidity scheme' tht d Iinguishl t r. ' t ncr
models are the buildlup of anl accurate 3--D miodel OYanl extendedl t iiii- at%, - 'IS

of a current 3-D model as an explicit source of ceoilstramnt on tile miodlt- corn,;''7it
the next nmomnt. In most other structure from -iiiotloon moicils. the rcIIT)nut' 1) _T,

structure at each moment is constrained oflyV bV direct VIS1ual 1111,;t thaI is ?., Tt 1d

over a small wind(ow in time. Thlt next sect iln: explloie ;v1ltier til'...... of
structure from motion in the human visual system exlii t te's : Ihlnt '):;,

GENERAL METHODS

WVe first describe asp)ects of the v1lii t i~ii idl .r;mn

are comnii to the entlire set of experiment-. The cxvLer unont aj dciu tid

hv a numlber of cOnsIera t lis. First,, the task relies, t.i ;ni olvie rivo !.%t'

does not require thle observer to forixi anl internal sui. lectil\e scal( of prpc oi,

as 3 -D dist ance or amount of rigidity. Second, the -,ibioct is ub toUi '

task in a stifflcientlv short tine periodl that we caln "Ilu'u e tiil-' -& ,f~ the
early huib hip of 3- D structure. If, on il e ot her haittd it oly repinedc( oil: :-two""'

seconds5 for the visual svstemn to conmptte itul acctirater inodelI of 3 D sti-i-:z- ru' 4 it

several seconds of observation til( nue 1 lerefeledl for- the sith jct to iliahc a 0 1 tIi~ t.

then wve could only asses., the accuracy of the final! conipi ted 3 -D mnodel. 1 -! fAk
would not allow uis to explore the iiutermie&date struc t-iircz perceived inI th, r - rc or
two secondsl- of viewing time. Third, we have dlesignied a task that relies a- niil as

possible on thle derived 3 -D structure of tile -nuoving elenlts, rat her t han iaW
2- D positions or velocities in the display. Because the recovery of 3- D srm..fromn

mlotion necessarily relies on p~roperties of the ch~anginig 2- D projection. 01 itI

1(;,Iiiatee that observer's jud~lgements are not based (Ilreet lv on 2- D infori u' t

wve chose an experimenital dlesign that makes it very d (ifficuilt for the ob!osci J

2- D cueis til'rectlv. Finally. tile experiments make use of a iniatV'h

reiuure Oii rlilt'v~ litf1Cit as the sour,, ,, of 3 D :'r! u i

Subjects

1'1 i i~ r: wl~ i t I aI I il( lioh'te I I-~ xc ps ch p kye':~ 1- ji i C

for tlicese experui lit lit

proytCOd ;>lit( ai 2 D) comiitty lhiplay. ilsii)g, ()rtlorpi p)JttIl O. o i te
simulii in miore (letail. let uis assxuni a ('oordhinate stt III InI whichi tiut YX i'.!j -I

jIrf- tilt, horizonltal anld vertical axes InI ;pilcc and in I,',~ lit,~ 0.h

Sa111i0 lulAITr 0rtllograi~iC j)I(jCeti0ii. ii I(1 t iI jo-lu 1 1 , 'ANs 1." ,11( die IP,
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(a)

* 0

(b) (c) Z

-y

- - - - - -

Figure 1. The ordinal experiment. (a) Side view of the experimental setup,
indicating the slanted axis of rotation. (b) Projection of a typical configuration
of points onto a plane perpend>i'u'r to the axis of rotation. The circular outlines
indicate the annulus within which th'- points are located. (c) Bird's eye view of the

,"A.i nos.;inp- - the threo noints, indicating their separation in depth, -f.

to the image plane, away from the viewer. For the first experiment, the axis of rotation
of the three points was slanted 10" away from the image plane. as shown in Figure
la. For later experiments, the :xi o4 rotation was Darallel to the image plane. When
projected onto a plane perpendicular to the axis of rotation, the positions of the three
points always lie within an annulus, as indicated in Figure lb. The outer boundary of
the annulus restricts the overall range of X and Z coordinates of the moving points.
The reason for restricting the points to lie outside the inner boundary of tie annulus
is that points located near the center of this circular projection would move very
little under rotation. A point that is moving by only a small asmount could easily be
identified as lying near the center of the cylindrical volume encompassing the set o'
three points. The use of an aiinlus as shown in Figure lb removes this Potential Cue



to 3-D structure.

T he parU..ular configuratiois o;f oiuit s were ('lioPeii sneb, t hat fcl i' IV Iv~* ' T 

tionl, the positions of the points Wer, evelyl spaced InI depthl III thec finial fraLiif' t' hat

was viewed. Let - deno~te the displacements Ii depthi for thhl; finial view., as h wi' in

F igure 1c. The lparainet(r. -1, is defiined i mitls of pictutre (lemniits otlwhd'iv

In the p~lane of the display. which is 1)eI'p(-ilictilar to thle o)ev I linet of i~glit. -nie

picture element correspondts to a vistial aiigle of 2.5'.

The Y coordinates of the three Jpollits (verticall pos t ionls Mi thle inI'agi ; re

cho( sen such that there was always at iiiiiiiiiilifll sep'arat n i eweN v 't ical ()r ~
25; of visuial arc. The size of echl po(inlt was, 10 -V 10' of visi iai tlld th1 1le r ~
of the display was sulch t hat thle jposit i( ul of' thi poinits cou1 ld he ,et t,,, ait'

of 2.5'. Thle overall size of the window of th h' co1iit er display InI Which t h" j)oit7t s
ap~peared was 100 x< 10'.

The display itstlf wats at imonochiromie video Inionitt r from a Sm~t~i ~ NI

chine, with a fast decaying ( P4) phlosphlor- 'rh, e-xIjrinlielits 5usedl black (lot- oni a

wite background. Ii order to redice the psilefetsf t''t:' ftheu 1 h.

For each trial iii the experiment, thle poiits were rot atedi t hro~ugh a givenl t : al

angular extent in increments of 1.5' aromid the cetwiral axi.-s A (liscrete fraie xaz,

createdl for each angular position of the polits and thbe elitire set of fraiiies Wa> l-T' ae

as a. movie. The presentation time for each frame it> appro)x iatecly 33 iii-ec. Theren

was no interstimulus interval ( ISI ) after thle 33 iiisee present at ion tune. each. frame

was Immediately repla(ccd by the next fraiie Ii the -sequen ce. A fixat ion not irk s

appeared in every frame and the subject was requiired to fixate onl the nark tHIrom wh 1out

lie durat ion of each movie.

Experim-ental Procedure

For each trial. thle first fraic of tlie( ii a wie aj ~ ,eared onl t(, the spYycrl

puished a but ton to indlicatec that he was rcalv: l ovie Was t h1en displav '. 11w

dist ance of the viewer fromn the display was 0.4 met ers. V'iewling waSnot cn: aid~

in a dark roowii.

The suibjects Were asked( to specify Which of thle thiret poinits wa.s loca;teu innia

Ii depth b~etween the other two. Because onthographiic 1)rojectioI,,, us med. t her, are

tw p( 1 ossible rigid structuires correspunmding to tile Priopum t o~s n!.s thle

structunre used to generate the frames aiidI the secondit is its reversal Ili diepthl. Both

s oliit ions share the samet cent ral 1)oinI1 so thleotome of a givenl trial is not effected

bty whlether the suibjet sees a givenl st rllctt nrc (or its (lepthl reversal.

To specify their choice to the -ompujter, subjects Were gi eCu a box with Ii ret'

huttonis oriented vertically and were told to associate thec vert ical ordlerng of thle t broc

hi t tons. on the box with thle vertical ordlerng of the 1tosit ions of thle po )it i h

displ)ay. Aft en each trial, thcit subJect p ishet I the apj no )niatc b uittoni d(It't'ng i onl



whether the top, middle or 1)ot torn pohit was prcelve( ais being be-tweeri th Ia tllher

two points in depth. No feedback regardling the correctnecss of the tesponse was i1'i

This lack of feedback reduced the likelihood for subIjects to uise sipetricks l~(O

irc,, ry on 2-~D cues for: performing the task.

The accuracy of perceived 3--D structure can be assessed by ineasuiring how well

subjects perform this task as we vary the separat ion bet weeii thbe poits Ii d c thI

while the time course of the buldup of this accuracy c'all be assesse(Ilv y aliii

subjects' performance as the angular extent of rotation of the poi)nts Is, increased-. The

particular st imulus parameters usedl are indicated in the (Iiscuission of each iinlivihlual

experiment.

EXPERIMENT 1

This first exp~eriment a(l(Iresses the time course of the 1)Uill(lllj) Of aiCira;, Of

perceived 3 -D structure, by measuring snbjects' performnance as the anlgular extcei: of
rotation is variedl.

The Visual Stimuli and Experinetital Procedure

Six different angular extents were iised inl this expe.rimenit: 0', 30, 6'0 15 303'. 4.5
A single exp~erimnent al session consistedl of 324 trials with 81 differenlt c )nfigurat ions0 nf the three points. For this first experiment, the displacement Ii depthI was -1= TO1.
Through a single session., the 81 configurations were repeatedl four timecs Ii ramiloin
order. The dlifferenlt angular exteints appeared i ',locks of 27 trials. withl t he or(ieri ig2

of the blocks randlnlizedl. Ile (0' condition servedl as a control, to shIow hat t bert'

were no static cues to (1e)th 11iii these displays. For each experimental condlition1,I We
com1pulted- the porcexit age of core r, p onlss b~y the sub ject.

The axis of rot at ion Was slantd (l aff ivav fromu the linlage planle. as shlitwi I II

FiLgure Ia. 1he use of the slawcted 1otatioi axl; is made *t Io~jh I d'ign tin

('Onhfg1Ira;tIoulS III aI Wtl l that uIae 11V(\ (litlicullt for 'tibhJec'ts to l);Ise theI, ir jlcveii

of relative dlepthi direct ly on 2 D inft rili;t tion about It)sl It (ii:-; ( tr 'don itcs il lthle 111 iige.

Iliere wits ii, bias for particulair po tlot~)11 1)1 the coiip~uc display. thant is. tliw 1,!~I11

corresp)nT(f hg t the' C rrect rcpo( iise was equially likely to tappeatr Oi Il ic t tj . nlll(l( l(c
or bottom Ii tihe vcrtical irectli. and1 to the left, right orI in(ltlle Ili tlie iiori.'oit;til

direct ion. Also. thiere was no bisfor particular iimage vch ci ties, that Is. ie ct( )-rrt I

point wa's equally likely to inove with ti le highecst. nuddle t trIt owestini cvlti

Coisequemitly, it was nioz pos'silel for tllw subj)ects to has( the1ir JIttL2( uii' lit (IliIetti\ <

siliIle properties of the 2 D iiiimu psilag ()ii 15 0 -o(1 V0'ii' of thle p)oi It t. 1 lic It soh he

slante']I rotatin axis wva- e-seltj1 "(F rrrvv the, 2 D) velocity cuc. It lhiv -ti

rot at ion we1re parallel l'' t1k Lw' .m;tg plte.w theni 1)r.ojec(t(I( 1iilIct eoiyetulp i:

a (Iir('('t riue to 'wipthI.
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Experimental Results

ror this first experiment, data was gathered for two subjects, ECH and NMG,
and is displayed in Figure 2. The angular extents of rotation are indicated on the
vertical axis of the graph shown in Figure 2 and the percentage of correct respmnses
appears on the horizontal axis. Each data point represents the result of 324 trials.
Error bars indicate a single standard error of the mean. A chance level of performance
corresponds to 33%. Both subjects performed at chance for 0' of rotation.

0.8

0.7

.0.6

0.2
0 10 20 30 40 50

angular extent of rotation, degrees

Figure 2. Results of Experiment 1. Data for ECH (squares) and NMG (circles)
are shown superimposed. The percentage of correct responses is plotted against
the total angular rotation. Standard errors are displayed as vertical bars. The data
shows improvement in performance with increased angular extents of motion.

The first observation that can be made is that subjects did exhibit a buildup in the
accuracy of the perceived 3-D structure of the points. There was a rise in performance
level from 0* to 300 of rotation for the subject ECH (squares), while performance for
the subject NMG (circles) continued to rise up to 45' . Later experiments indicate that
performance typically reaches a plateau at 300 and 450 of rotation for the subjects ECH
and NMG, respectively. For the longer angular rotations, subjects found it increasingly
difficult to maintain the perception of a rigid structure over the full extent of rotation;
the points sometimes appeared to move independently of one another in a nonrigid
manner.

It should be emphasized that the total viewing time and total angular extent
of viewed motion are directly coupled in these visual displays. We cannot conclude



from this experiment ilone whetber the accuracy of per-ei red qtructure d, pends il't
rritically on the extension of the visual stimulus in time, across space, or h)otl . If
the extent in time alone is a factor in determning this ajccnlracv, wt. nlote ti aIt tihe
rotation of 30' corresponds to a total viewing tue of 768 miisec, which is In rough1
agvreement with the time expected from the studies of Aiiders eii arnd Siegel ( 19ss:
Siegel & Andersen, 1988; see also. Huisaini, Trciie k- Andersen, 19S9) indicating thiat
several hundred mnsec of v'iev-ing timei is required to imake visual discrininat ions o)f

motion that are essevtial to ,.he detection of 3 D structure.

EXPERIMENT 2

The second experiment explores both Ate temporal buihhiup of perceivedl 3 -D struc-
ture and the accuracy of +the Perceived s-ructure. Accuracy is assessed by mneasulring
sub jects' performance as thn finial separation inl depth biletween thle points. is, variedl.

The Visual Stimuli and Experimental Procedure

The xperiniental setup issini'lar to hawt of the first experimient, blit with anl

important exception. The points were now rotated around a central vertical axis
(that is, parallel to the image plane). The rcason for this was a practical one. Inl
the first experiment, there wit. no blis for particular image velocities. in that the
point that was midway indepth at the enld )f the -otation was oqually likely to ir'ove
with the slowest miiddle or fast -st velocity in the imiage. Because of the naur-o

the geometric projection, for smaldler final separations of the points. -,, this n

distribution of velocities could only be achieved if the points were allowed to hiave
large vertical separations. The task itself, however, becomes difficult when the I)( nt~s
are widely separated inI the limal- g''. cause the points appear to (lecoliple from one,
another. We therefore decided to uise ai vertical axis of ro.ttin in this exper-I-I lit.

allowing the configurations t~o lbecome miore compact in the vertical dlirect ion. Whiile
this introduces a potential 2--D) vitycewbliehate 4Ijects were niot

sin g thi 1exvce iety for rea(sons' that are cha l)oratcel ,,poi II uor (IliSCU-'1 ii

of the results of this experiment.

A single eyperin ilntal SeSS'(,T 'I oisnistedl of 256 tra]ls a: td osdC jl tisc 6-i t-it -

rations of the three points and 4 litffrent angular extents of rotation. Time displacemvmit,
in depth. ', was kept constant t r slingle session, bit wvas iOw varied bet weensii i~

Through a single session, thie 64 configurations Were repeatred foulr t in-IeS 'Ii aII t

order. The different, angular exteliit-- aippeared in blocks of 16 trials, withi th rd'~ inrlg

of the blocks randomrized. A,; ai control, thle potnl 5 again tentI; Ieu~ stat iolI ar v i ILl

trials. The 64 configurat iots cere chiu isei ch that thler was nlo hias for 1wit a'iAl

positions on the coinpiitctr,!!51)1 t 1 iint ci rrespotidin:g to tilt, corirec t reIPOi'li' Wa>

equally likely to appear oni !lt- to7o. titihile or 6ottom ut Il lie \'ut ical 'Irectioti. andl~

to the left, right or illidulce ill ~tht 1i1/Iuzli (hirectioli. A I t11 of S (il~t 8,1tt.2
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extents were used in this experiment: 00, 60, 150,300,450, 600, 0 0, 177'. In addition.

5 different depth displacements, -y were used: 10, 20 30,40, 50. For each experim(ental
condition, we computed the percentage of correct responses by tLe subject.

Experimental Results

Complete data were gathered for three subjects, ECH, VKI arid NMG. Partial
data was also obtained for a fourth subject, which confirmed the general trends seen
in the data. Individual data for ECH and NMG are displayed in Figures 3a and 3b,

respectively. The data are shown separately, because quantitative differences botwr-en

the performance of individual subjects were observed. The two sets of data showil here
represent the range of performance observed. Figure 3c shows the results of averaging
the data obtained for the three subjects. The angular extents of rotation arc indicated
on the horizontal axis of the graphs shown in Figure 3 and the percentage of correct

responses appears on the vertical axis. Data for different displacements -r are drawn
on separate curves. As a control, we again verihed that subjects were at a chance level

of performance for 00 of rotation. Each data point in Figure 3 represents the result of
64 trials (that is, 64 different configurations).

It can again be observed that subjects showed a buildup in the accuracy of the
perceived 3-D structure of the points. Particularly for the larger values of ", there

was a steady rise in performance level from 00 of rotation that reached a plat-au at
about 300 of rotation for subject ECH (Figure 3a) and about 45' of rotation for NMG
(Figure 3b). After only 6' of rotation. subjects already reached a level of performance

that was often within about 15% of the level at which performance reached a plat ,au.
After about 300 - 450 of rotation, performance generally (lid not continue to impr ve
with larger extents of motion. The level of performance dropped for very large angu r
extents. (When tested against a binomial distribution with probability 0.5 that t.
level of performance was larger at 180' than at 900, a significant drop was foun

(n = 18, P < 0.05).) Subjects again found that it was difficult to maintain thc
perception of a rigid structure over such a long viewing period, the points sornetinies
appeared to move independently of one another in a nonrigid maner.

Performance was generally worse for smaller ,. For the largest value of - tested,
50, perfornance for some subjects reached the 90% level of performance. For

the smallest displacement, = 10, subjects were not significantly above chance, while
for - = 20, subjects were well above chance for all angular extents of rotation. This
suggests that the threshold for discrimination of relative depth from motion may lie
somewhere in this range of displacements. For the case where ? = 20, the relative
depth between the points is 1.45% of the distance between the observer an(l complter

display, that is, the threshold was roughly 0.6 cm from a viewing distance of -l() cm.
Me-asurements need to be made at addit ioal viewing distances, however, t( delive 'I
reliable measure of strict ire from moti(on acattq.
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0.o 2 -0 40 60 60 100 '20 140 16W 8
ang~a extent of rotatior. degees

1.0

0 20 40 so 80 100 120 140 160 180
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Figure 3. Results of Experiment 2. The percentage of correct responses is plotted
against the total angular rotation. The five different curves in each figure correspond
to the five displacements in depth. -f = 10 (circles, lower curve), 20 (diamonds),
30 (triangles), 40 (squares) and 50 (circles, upper curve). (a) Data for subject

ECH. I(b) Data for subject ';MG. ( c) Average data for three subjects. Performance

;mprovei both~ A, v &gur cx t of rostion and with inc-casedl t .placement in
depth.
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Comparing the data here to that of Experiment 1, we can see that the overall level

of performance is significantly higher in this case. There are at least three possible
reasons for this. First, because we are using vertical axis rotation and orthographic

projection here, there is no coupling between the vertical positions of the points in the
image and their position in depth. This allowed us to construct configurations that
were more compact in the vertical direction. The relative 3-D structure is easier to

judge when the projected points are closer to one another. Second, the accuracy of the

3--D structure derived from structure-from-motion algorithms typically degrades as
the axis of rotation is slanted further away from the image plane. This occurs because,
in general, the amount of relative motion between points that is due to their relative
depths decreases as the axis of rotation is slanted further away from the image plane. If
the rotation axis is slanted by 900, so that it is now perpendicular to the image piane,
there is no relative movement due to relative depths. Computer simulations with the
incremental rigidity scheme (Hildreth and Grzywacz, unpublished observations) show
a steady decline in the accuracy of computed 3-D structure as the angle of slant of the
rotation axis is increased from 00 to 900. Loomis and Eby (1988, 1989) recently showed
that the human visual system also exhibits this behavior, which could contribute to a
drop in performance in Experiment 1, where the axis of rotation is slanted 10' from
the image plane.

A third reason for the improved performance in Experiment 2 may be the intro-O
duction of the potential 2-D velocity cue into the experimental setup. The point that
is midway in depth also has a velocity that is between that of the other two points.
Subjects were instructed to base their judgements on perceived 3-D positions of the
points and subjectively reported doing so, but may have inadvertently used the 2-D
velocity cue, at least on some trials. We believe, however, that subjects were not mak-
ing sole use of the 2-D velocity cue, for the following reasons. First, when we began
these experiments, we were not aware of this potential 2-D cue, and found later that if
we explicitly try to use this cue, we perform substantially better. Second, psychophys-
ical studies indicate that the size of the temporal integration window for measuring
image velocities ranges between 80 msec for high velocities to about 200 msec for
medium range velocities (see, for example, McKee & Welch, 1985). Integration times
for measuring very slow velocities may be longer (S. McKee, personal communication),
but such low velocities rarely occur in the visual stimuli used here. The buildup in
accuracy of perceived 2-D image velocities therefore cannot account for the more ex-
tended temporal buildup in perforiance that we see here, which lasts on the order of
800 - 1000 msec. If the subjects based their judgements on 2-D velocities directly,
one might expect performance to reach a plateau at only about 200 msec. Third, the
consistency of the time course measured here with that measured in Experiment 1,
where the direct 2-D velocity cue was not available, also suggests that the buildup
of accuracy largely reflects the increased accuracy in perceived 3 D structure rather
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than perceived image velocities. In particular, the experiments indicate a consistent
plateau in performance level at 300 for ECH and 450 for NMG.

EXPERIMENT 3

It was noted earlier that a common limitation of many structure-from-niotion
algorithms is extreme sensitivity to noise in Ohw visual image. The incremental rigidity
scheme, however, is quite robust against noise, in part because it integrates visual
information over an extended time period and also because it allows deviations from
rigidity.

Experiment 3 examines the nature of the degradation in human performance on
the same ordinal task described earlier, as a function of the amount of noise introduced
in the stimulus. In the section on computer simulations, we compare the psychophys-
ical data with the behavior of the incremental rigidity scheme.

The Visual Stimuli and Experimental Procedure

The experimental procedure used here was similar to that used in Experiment
2. The visual stimuli differed in the following way. In each discrete frame, Gaussian
distributed noise was added to the X and Y positions of the points in the projected
image. The space constant a for the Gaussian was held constant throughout a single
experimental session, and varied between sessions. The levels of noise used here weie

sufficiently large that the erratic motion of the points was very apparent.

Experimental Results

Individual data for two subjects, ECH and NMG, are shown in Figures 4a and 4b,

respectively. Only a single displacement in uptl, 7y = 40, was used in this experiment.
The subject ECH performed the experiment with added Gaussian noise for which
a = 2.0 and 4.0 (expressed in terms of visual angle, a = 5' and 10' of visual arc). The
subject NMG performed the experiment with a = 2.0, 4.0 and 6.0.

For the subject ECH (data shown in Figure 4a), the added noise uniformly de-
graded performance for all of the angular extents of rotation. The drop in performance
for smaller rotations was not significantly greater than that for larger rotations. Sub-
jectively, the task appeared much inore difficult for the larger level of noise, but the
difference in mean performance between the two noise levels was small. The effect of
the noise was qualitatively similar for the subject NMG (data shown in Figure 4b).
although the decrease in performance for a = 2.0 and 4.0 was smaller than that seeil
in the data for the subject ECH. For ea)ch level of noise, a plateau in perfoirmance was
reached after 45' or 60' of rotation. Data collected for a third subject was esse'ntially
the same as that shown in Figure 4a.



(a 0.9.

0 .8 1. . .. ..........

0.1

( ) O 0.9"

OA;F:.7

0.3.

0 2b 40 60 80 100 120 14o 160 180
angular extent of rotation, degree

0@

0.7,

0 20 40 60 80 100 lo 140 160 180
ang maetont of rotation, degree.

Figure 4. Results of the noise experiments. The percentage of correct responses
is plotted against the total angular rotation. The different curves correspond to

different levels of added Gaussian noise; a = 0.0 (circles), a = 2.0 (squares), 0' = 4.0
(triangles) and a = 6.0 (diamonds). -y = 40 for all experimental sessions. (a) Data

for subject ECH. (b) Data for subject NMG. There is a gradual degradation in
performance with increased levels of noise.
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The overall data for the subject NMG indicates less sensitivity to noise than that
demonstrated for the subject ECH. Recall that in the first two experiments, NMG
showed a slower buildup in the accuracy of his internal model of the 3-D structure
of the points. This slower buildup may suggest a longer integration time for recover-
ing structure, which is likely to yield the lower sensitivity to noise exhibited in this

experiment.

It is significant that performance at this task does not entirely break down with

the large levels of noise used here, that is, does not drop quickly to a chance level
of performance. The degradation for small angular extents of motion is expected. as
the added noise sometimes makes the displacements of the points totally incorrect,
given their true 3-D structure, for all or most of their extent of motion. Subjectively.
it was observed that for the large angular extents, the "average" displacement of the
points over their full trajectory can still be judged and used to inteipret their rough
3-D structure. The data here suggests that the human visual system may not rely on
precise measurements of the velocities and accelerations of image featuics, but rather
may require only rough estimates of the positions or motions of image features, perhaps
over an extended time period.

EXPERIMENT 4

It was noted earlier that a second salient feature of the incremental rigidity scheme
is the dependence of the current 3-D model on past 3-D models. This is different from
other structure-from-motion algorithms, in which the computation of 3-D structure
at a particular moment in time depends only on the visual input measured over some
limited time frame. This last experiment attempts to test whether perceived 3-D
structure depends on previous 3-D structures derived by the visual system.

Early observations from computer simulations with the incremental rigidity scheme
indicated that the algorithm sometimes beiaves differently when started with differ-
ent initial models of the 3-D structure of a set of points (Hildreth and Grzywacz.
unpublished observations). In general, if the algorithm begins with an initial model
that is compressed relative to the true structure of the object, then the algorithm will
converge toward the true structure. If, on the other hand, the algorithm begins with
a model that is very stretched (say. by a factor of two) relative to the true structure.
then the algorithm often settles into a stretched and slightly nonrigid structure, rather
than converging toward the true, rigid structure. In this experiment, relative move-
ment was used to establish an initial perception of 3 D structuire that wc, (lifferent
from the structure on which the otb,,rver was to be test ct. W xainiied the influteice
of different initial 3-D models on the slibseq(,ixt I Jret i I (f st ruietl ire.

Much of the experimental setup here was sinilar to tha iid in Exp*'riniemt 2. For
each trial, however, the motion of the three point uunfigtraoil ns vW .ewl ;m Experiment
2 was now immediately preceded by the motion of a different contiguration of three
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points. The last view of the preceding configuration wa.s arranged t, coincii, with
the first view of the configuration on which the observer was tested, so that thiere was
no abrupt transition between the motion of the first and second configurations. The

experiment examined three different types of motion preceding the movement of the

test configurations:

(1) 'i the first condition, the preceding configurations were both st.retche( rolaive
to the test configurations and the ordering of the points in depth was raindoi;.ized.

The ratio between the stretciicd ind true depths was, on average. bt,..ii 4:1
a U o.1. Both the Atrctch-d and test COwergura-' ,-ere rotated alrmwd a c,-'t ral
Vertical axis.

(2) In the second condition, the preceding configuration was such that at the

transition point at which the motions of the two configurations join. thi pr''-
configuration was flat and in the plane of the computer display. Both the planar
and test configurations of points were rotated around a central vertical axis.

(3) In the third condition, the initial configuration was identical to the test
configuration, but was rotated around the line of sight. (This rotation should not
convey any information about the real 3 D structure of the points.) After being
rotated around the line of sight, the configuration was then rotated aroum(d the
vertical axis as before.

Based on observations from computer simulations, we expect that if the incremen-
tal rigidity scheme is an appropriate model for the human recovery of structure from
motion, then the first manipulation above should lead to a substantial degradation in
the subjects' ability to judge accurately the structure of the test configuration. This
is because we are initially priming the subject to see a stretched 3-D configuration, in
which the ordering of the points may be different from that of the test configuation.

Suppose that the initial stretched configuration is used by the visual system as an ex-
plicit source of constraint on the subsequent recovery of the 3-D structure of the test
pattern. The test pattern might then be forced to look somewhat stretched and with
an incorrect ordering of the points in depth relative to the true structure. If this were
the case, one would expect a degradation in the quality of the 3- D structure at triluted
to the test pattern. We might not expect perceive(l structure to remain incorre.ct in-
definitely. however. Internal noise, for example. might initiate changes in peceived
structure. In addition, o-servations by Adelson (1985) suggest that compact views of
a rotating 3 D object tend to be interpreted ,,s the projection of a compact object
in 3 D space, rather than a stretched object viewed from an unusual angle. Thus,

an object that cycles between stretchd and compact 2 D views typically appears to
distort continuously. This phenonenon is also likely to occur in our

The second and third inanipuilationis, oi th othjr iamiid, should lnot lead to Sob-



19

stantial degradation in performance. This expectation is ba.;,(d on the observation that

in general, the incremental rigidity scheme will converge quickly to the true structure
of a rotating object, if it begins with an initial model that is compressed in depth,
relative to the true structure. The algorithm assumes that in the absence of other 3-D
cues, the initial model is flat and parallel to the image plane. The second and third

manipulations described above only serve to strengthen the perception of a flat initial
3-D structure, prior to the motion of the test configuration.

The Visual Stimuli and Experimental Procedure

For each condition, experimental sessions were run with and without the previous
configuration. In the case of condition (1), the stretched points were rotated around

the central vertical axis for 360 in increments of 1'. The stretched pattern was then
immediately followed by the rotating test configurations, which were constructed as
described in Experiment 2. For condition (2), ulie fiat confl uration of points was
rotated around the central vertical axis for 45' in increments of 1.50, and then followed
immediately by the test configuration. For condition (3), the configurations of points
were initially rotated by 900 around the line of sight in increments of 1.50 before being
rotated around the central vertical axis. For all three conditions, the test configurations
were rotated only for small total angular extents (60, 15', 300 and 450 of rotation), in

increments of 1.5' of rotation per frame. The subjects ran two sessions, each containing
256 trials, and the percentages of correct responses were calculated.

Experimental Results

Average data for the subjects NMG, ECH and VKI are shown in Figure 5 for
condition (1), in which the initial configuration is stretched in depth. Each data point
represents the results of 384 trials. We show both the data for the control experiment

(circles), in which only the test configuration appeared, and the data for the case in
which the stretched configuration appeared first (triangles). The ve, ical bars indicate

standard errors.

The presencc of the initial stretched configuration degrades the subsequent con-
putation of the structure of the test configuration. The drop in performance was harge

for 6' and 15' of rotation, but there was no significant drop in performwice for 3 0 '
and 450 of rotation. In terms of the total time over which performance was affected.
individual data indicated that this influence extended for about 500 - 600 mnsec for the
subjects ECH and VKI, while for the subiect NMG, an influe-nce could still be Sek'1n
after about 1200 rusec.

Figures 6 and 7 show average data for the subjects ECH and NMG. for the tw()
control conditions, in which the preceding configuration was flat and rotated arin(l
the vertical axis, or rotated around the line of sight. The data points earl) represent

,he results of 256 trials. In the ra, of Figure 6. there is a small but signific~nt 1 ro
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figure 5. Average data for the experiment with an initial stretched structure,
for subjects ECH, NMG and VKI. Circles correspond to the control condition and
triangles to the case where the stretched configuration appeared first. Vertical bars
indicate standard errors. The initial stretched configuration leads to degradation
in performance that lasts up to about 300 of rotation of the test configuration.

in performance for the smallest angular rotation, but there are otherwise no significant

differences between the data for the control and test conditions.

Some of the degradation in performance seen in this experiment can be attributed
to the size of the temporal integration period that is used to measure retinal image
motion. It appears, however, that this integration period could only account for the
degradation seen for the smallest angular extent of rotation, 60, which extended over a
viewing time of roughly 15n msec. As we noted earlier, psychophysical studies indicate
that the size of the temporal integration window for measuring image velocities ranges
between 80 msec for high velocities to about 200 msec for medium range velocities (see,
for example, McKee & Welch, 1985). We therefore do not believe that the extended
influence seen here (up to a second or so) can be accounted for on the basis of the
mechanisms by which retinal image motion is first measured. In further support of
these conclusions, the second and third manipulations used to generate the preceding
configurations (data shown in Figures 6 and 7) should also influence the performance
of the motion measurement stage, but did not lead to an extended influence on the
quality of the perceived 3-D structure.

For the case of the incremental rigidity scieme, the structure computed at a

particular moment appears to depend on previous 3-D models. Based on computer
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Figure 6. Average data for the experiment in wh;ch an initial planar configura-
tion is presented, for subjects ECH and NMG. Circles correspond to the control
condition and triangles to the case where the planar configuration appeared first.

Vertical bars indicate standard errors. There is degradation in performance only
for the smallest angular rotation, in contrast to the results obtained for the initial
stretched configuration shown in Figure 5.

simulations with this model, we expected that if observers initially viewed a stretched

configuration, then there would be a significant degradation in the quality of the
structure perceived at later times. On the other hand, if a flat configuration were
viewed initially, we expected no degradation at later times (except for the shortest
angular extent of rotation). Our experimental data showed these expectations to hold
true for a limited time frame of a second or so. When the initial configuration was
stretched, however, the perceived 3-D structure eventually ',--]lapsed' to the true,
more compact structure, while the algorithm typically lemains in the btretched 3-
D interpretation indefinitely. Thus our experiments lend support to the notion that
previous perceptions of 3-D structure constrain future models, but suggest that some
modification is required to the incremental rigidity scheme to account fully for human
behavior. Note that our perceptual experience is consistent with the experimental
observations by Adelson (1985) mentioned earlier, which suggest that even for rigid
objects, there is a tendency to perceive objects that are compact in the image as being
compact in 3-D space, which can lead to nonrigid perceptions.
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Figure T. Average data for the experiment in which the test configuration is

initially rotated around the line of sight, for subjects ECH and NMG. Circles cor-

respond to the control condition and triangles to the case where the configuration

was first rotated around the line of sight. Vertical bars indicate standard errors.

There are no significant drops in performance, in contrast to the results obtained or-

for the initial stretched configuration shown in Figure 5.

COMPUTER SIMULATIONS

Through computer simulations, we examined the quantitative behavior of three

different formulations of the incremental rigidity scheme at a task similar to that used
in the psychophysical experiments. We refer to the first two formulations as Ullman's

discrete model and flezible model, and to the third formulation as the continuou model.
We first describe the three basic algorithms and then present the results of computer

simulations.

Ullrnan's Discrete Model

Ullman's discrete formulation of the incremental rigidity scheme assumes the vi-

sual input to consist of a sequence of frames, each containing a number of discrete
points that may correspond to identifiable features in the changing image. The scheme

nikuntains and updates an internal model M(t) of the viewed objects, which consists
of a set of 3-D coordinates: M(t) = (xi(t), yi(t), z,(t)). All of the formulations used in

the simulations here assume orthographic projection onto the X - Y image plane, so
that (xi(t), y.(t)) are the image coordinates of the i-th poin', and zi(t) is the current

estimate of the depth at the i-th point (see Grzywacz & Hildreth (1987) for formula-
tions that use perspective projection). When no other 3-D cues are present, the initial



23

model AI(t) at t 0 is taken to he flat: that is, zi(0) = 0 (or soine other constant

value) for i = 1, ., 2, where n is the number of points in motion.

Given a current model M(t) at time t and the image of the moving points in
a new frame at a later time t', the problem is to compute a new model (t') such
that the transformation from M(t) to .I(t') is as rigid as possible. Since x,( t') and
yi(t') are known, this requires the computation of the unknown depth values z, t').

(It is assumed that the correspondence between points in the two successive frames is

known.) The new depth values are computed as follows. Let li(t) denote the distance

between points i and j at time t. To make the transformation as rigid as possible. the

values zi(t') for the new model are chosen so as to make 1,.(t) and li,(t') as similar as
possible. For this purpose, Ullman defined a measure of the difference bet ween 1t

and lij(t') as:

d (ljj(t) lij(t')) = (1,j (t) -l ij(t ))2

13 (t)

and formulated the recovery of structure as the computation of z,(t') that mininhi/e
the following overall deviation from rigiditv:

Doi(t, t') = Z (li' (t), l,j W')), (2)

After the values z,(t') have been determined using this minimization process, the new
model .11 t') = (x,(t'), y,(t'), z,(t')) becomes the current model. A new frame is then
itegisteied and the process repeats itself. In this way, the sheme maintains rigidity by

keeping the total distances between points in the model as constant as possible. The

motivation for the cubic factoi ir the denominator of Equation (1) is that the nearest
neighbors to a given point are more hkely to belong to the same object than distant

neighbors, so that a point is more likcl, ! , move rigidly with its nearest neighbors.

The I' (t) factor diminishes the infl,'C mece of (list ant points ii the rtrc xery of strlit ire.

It should be noted that in the case of orthographic pr()j,'ct ion, only relative dept i

values, z,(t) - zc(t), cam be recovered, rather than absolute depth values, because

Under thi., form of projectio, the image of a given ol)ject does not chiige with its

absolute depth. In addition, 3 -D structure is determined only ip to a reflectioin alhit

the image plane. since the orthographic projection of a rotating object, and its iilirror

image rotating in the opposite direction, coincide. Firt her amialysis aind variatioii, iof
this discrete model can be found in Grzywacz and Hildreth ( 19S7).

Ulirnan's Flexible Model

The flexible model is a modificr on of the discrete model that allows tle jitcrnmil

model at two consecutive instants to be corrected simultaneously. Th,' schenm se.aehe
for a modified, (,rr,,ct ed nmjodl f' (tj tW '1.1tl that the t ansi tion from Alt, t , Ao t
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small, and the transition from M'(t) to M(t') (the model at time t') is as rigid as
possible. The flexible model minimizes the sum:

(t, t') = [d(lij (t),lI'j(t)) + d(l',it,~~') (3)

ij

where lP,(t) refers to the distances between pairs of features in the model A'(t).

The Continuous Model

It is also possible to develop a continuous formulation of the incremental rigidity
scheme, which uses velocity information at discrete feature points in a continuously
changing image as input to the recovery of 3-D structure (Grzywacz & Hildreth, 1987).
We assume again that there always exists an internal model M(t) = (xi(t), y,(t), z,(t)).
and that the image velocities ,i(t) and pj(t) are known. The problem is then fornmu-
lated as the computation of the z components of velocity, i,(t), that minimize the
total continuous change in the distances between the points. The measure of overall
deviation from rigidity is given by:

D(t) =)(4)

where 1,,(t) denotes the time derivative of the distances lij(t), which is dependent
on the velocities (ii(t), )(t), Z'j(t)). The additional factor of 1'. that appears in the
denomonator of Equation (1) could also be used in the measure shown here. In other
respects, the continuous model is similar to Ullman's discrete model. A model of
the structure of the moving points is built up by continually taking into account
new velocity information over an extended time period. Again, because orthographic
projection is used, only relative velocities, zi(t)- p 1 (t), can be recovered. Further
details of the continuous model can be found in Grzywacz and Hildreth (19S7).

Simulation Results

This section describes the performance of the three different formulations of th-
incremental rigidity scheme on a task similar to that used in the psychophysical ex-
perimn'nts and compares these simulation results with human performance. Our main
conclusion is that the qualitative behaviors of the original discrete modlel and the coi-
tinmous model differ significantly from human performance, but the behavior of the
flexible model is qualitatively similar to the psychophysical data. at least for the initial
rise, in performance level for smaller angular rotations.

Configurations of three point, were chosen in a way that was similar to the vi-
siial stimuli used in the psychophysical experiments, with the positions of the points
(list ributed evenly in depth in the final frame. For each of the three models, the con-
figurations were rotated around the vertical axis for different total angular cxtents
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and images of the poiits weff (- nl] t-cslat discrete pos i io s InI thle aet The
simi.lations of the disraii cd fl 'xiiN iiiodels iis 'ci anigula il tii nis 1)' v, vi Ir fljIe(.'
of w C and a new 3 D na ali' K xvii compuited after every I 0' of n..t at ion. It has il

shown that the performarce (if rite ficreoiiitaI rigidity sc5(1W! ie elo 'grades, a>; li

gle of rotation b~etween1 fraiiws iwcoines sniall ( Ulinan. I 9 .l Grzywiw/ k 'i~o
1987; Landy. 1987). A rttanof i0' was, ch1osen so timT we coul1d obtain resiilt for
a iinmber of different anguilar exte~nts, Ii the range fron i I(J to 180', withLout caus-
ing significant degradlat 1011 M the performiance of the aigoritilni. Siinilait P ins )f the

continuous model used anrgii4r rotaticons betwven framles of 0.10. so hatw ai new D
model was comrputedI -verv 0.X. Ini sonre simulations. Gasin(is iue o'~

added to the positions of thec points III each frame. At the end( of agie en2

images, when the framne that conitainis the 1)oints that are eqluialy spJ)Aceo ",I (1(',I),
reached, it was determined wheitlher the point that occurru 'I In the ic id i B

in the computed 3-D rmde! wvas the correct mniddle point.

In the first set of sn'Utisthe displacements Ii depthi was 40. F-or hei

simulations of the discrete ano( continuous miiodels, no noist' was added to the ip v'.t b)Ii1_

of the moving poinits. For V ismlulatlomis of the flexible mrodel. sn.il1 ai(,ii nt of

Gaussian nIoise waLS added. corresponding to a7 -- 2.0. Fhgitn S shiows the perctw ' a f
correct responses ol~t ajued In the ,-oniputer Simuilations, for eachi of the three iiodels.-
The results for the dilscrete and continuious formulations are shown wvith circles' andI
triangles, -epctvly Ixci the i'siflts of the flexiblc model are shrowni as sqirre . ie

datapoint represents time result ,f _93 trials. A chance level of perforininee ( 33' ' wa'
asumc for a rot it_t , F ' be a the algorithmn begins with a ffiat configtmratioc ill

whic theZ cor(Irmats c points are the sane. Also shown inl the( fitmIre is

a plot of the ps i o m Experiment 2 k crossecs)) obtainedI foir . 10.

averaged over th'- ti e '-ii I Igure 3c).

Somne of t he 1:tr~ .. ' ,:m 'sen i tils e~imi e canl b1) at t 12)I''(

to the saeof the teC1 r'o arid that is- llsec I to

Int thle positions.- of nli o' wil " it' discrete m1odlel event- '" I'; mivergo s toi a lit't('t

3 D niodfiK ud (leht' enat the lowve. SOC. e1 ef:ai eninl

the psvchol,,vsi-ca! xnt ill .v1(t ion, this iriolel xl )1 t, ;I a c wr rise, 11-

performnance for smi: pe8'ittuton>s nii comparison wthtie luu !;Idta. Th-

the di1screte Iodel jl)l 'iot ) 0 zfoin as well as humnanl s'Iibjects for- smil mtyul

rotations, but 'Ven r8 . ': lC ic nt lv beterlev of F~r rnli or

extents' of rotation. .... 'io icr, lev"I (it 1':l( ame( is ;'ki V(1oi

for large amrounts i of ' i 'i I !I( oIianput. he ;(Add( noi"e is '11' a4

performance for snlr0 o

It is, initerest Kg t o ;'.imodecls iproposeuc foi- r('(-0\*(TI'IPi ! :ntt

i(tO Von wCO not foi2 ' (''' ((U o tle 111atn.'Ii if sI rlH'tilre. (11e
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Figure 8. Results of computer simulations. Results of the three models of the
incremental rigidity scheme applied to visual stimuli similar to those used in Ex-
periment 2. The graphs correspond to the results of the discrete (circles) and
continuous (triangles) formulations, the flexible model (squares) and psychophvsi-
cal data (crosses). The percentage of correct responses is plotted as a function of
the angular extent of rotation. Human performance exhibits a more rapid early
buildup in accuracy than the models, but the models continue to improve in perfor-
mance after the psychophysical data reaches i.. plateau. The flexible model yields

the best fit to the experimental data.

their extreme sensitivity to noise in the visual input. The use of a more flexible rigidity

constraint, together with the notion of building up a structure incrementally over time,
as proposed by Ullman (1984), has led to an algorithm that can perform bctter than
the human visual system in some circumstances. In order for the discrete formulation
of the incremental rigidity scheme to remain viable as a model of human performance,
it needs to be modified in a way that yields both better short-term performance and
worse performance over extended times. It is possible that some of the differences in
observed performance are the consequence of properties of the motion measurement
mechanisms preceding the recovery of 3-D structure, which determine the precision
of the input position or velocity measurements. Also, these differences may arise from
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properties of the way in which the internal model is accessed and the deterioration of

its memory over time.

Consider now the continuous model. The study by Grzywacz and Hildreth (1987)
showed that the continuous model can provide a good estimate of structure over a

short period of time, but then oscillates between good and poor models of structure

over an extended time period. It does not yield as stable a long-term recovery of

structure as that provided by Ullman's discrete model. From the results shown in
Figure 8, it can be seen that in the absence of image noise, the continuous model

also reaches an almost perfect level of performance that is significantly higher than

the performance levels reached by human subjects. We expect that for larger angular

extents of rotation, the performance of the continuous model will drop, because of its

oscillatory behavior. The time course of the early buildup of structure is similar to

that observed with the discrete model. Simulations showed the continuous model also
to be quite robust against noise, but is not as robust as the discrete model. From

these simulation results, we conclude that the quantitative behavior of the continuous
model also does not appear to agree well with that of human subjects. Similar to

the discrete model, it exhibits a slower rise for small angular rotations and eventually

reaches a higher level of performance.

The final model that we consider is Ullman's flexible model. In Figure 8, the re-

sults for this model are closer to the psychophysical data for angular extents of rotation

up to 900, although human performance is still somewhat better. The flexible model

generally builds up a 3-D structure more quickly than the discrete and continuous

models. Like the other models, however, it eventually reaches an essentially perfect

level of performance for long extents of motion.

We also examined the behavior of the flexible model when a large amount of

Gaussian noise is added to the positions of the points in each image frame. Our

motivation here is simply to show that similar to human performance, there is a

graceful degradation in the behavior of the incremental rigidity scheme with increased

noise. Figure 9a shows the performance of the flexible model when Gaussian noisc.

for which a = 8.0, is added to the image frames (squares: shown in comparison to
the case in which only a sm, i! leve:l of noise is added (circles)). For aigular f'xtemits

less than 90', there is a drop in performance with the larger amount of added noise,

but the algorithm eventually perorms at an almost perfect level in both cases. It is

difficult to compare, quantitatively, the effects of noise here with the effects observed in

the psychophysical experiments, because the nature of the noise in the psyclophysical

experiments and sinmlations is different. The simulations use discrete framnes at evCrv

100 of rotation, while in the experiments, noise is added to frames that are generated

for every 1.5' of rotation. The temporal smoothing that takes place in the early stages

of human vision will also tend to smooth out some of the added noise.

Figure 9b shows the results of computer simulations with the flexible model, for
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Figure 9. Simulations with the flexible model. (a) The results of the flexible

model applied to the visual stimuli used in Experiment 2, with added Gaussian

noise in the positions of points in the image frames (a -- 2.0 (circles) and cy = 8.0
(squares)). Performance degrades gracefully with additional noise. (b) The results

of the flexible model for different displacements in depth, -y = 40 (circles) and 20

(squares). Performance is worse for the smaller displacement.
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two different displacements in depth, -y = 40 and 20 (shown with circles and squares.

respectively). Similar to human behavior, there is an overall drop in performance for
the smaller separation in depth.

Overall, we observe qualitative similarities in performance between the flexible
model and human subjects for smaller angular rotations (up to 900 or so). but all of
the models outperform human subjects for longer rotations. This may be due in part
to the difficulty that human observers experienced in maintaining the perception of
a rigid configuration of points for long viewing times. It is also possible that human
observers are easily confused when the ordering of the points in depth changes during
the long angular rotations. If the points were presented in a way that strengthened
their apparent rigidity (for example, they were connected with solid lines), there might
be an improvement in human performance for longer viewing times.

The key difference between the flexible model and the other two models may be
the nature of the updating strategy used at each moment. Allowing the current repre-
sentation of 3-D structure to change leads to a more rapid early buildup of structure.
Note that this updating strategy could be incorporated into either a position-based
or velocity-based algorithm.

GENERAL DISCUSSION

This paper presented a series of experiments that assess the accuracy of perceived
structure, its sensitivity to noise in the visual image, and the nature of its buildup
over time. Our main conclusions are the following. First, the human visual system
can derive quite an accurate model of the relative depths of isolated moving points.
even in the presence of noise in their image positions. Second, the accuracy of the 3--D

model improves with time, eventually reaching a plateau, beyond which there is no
further improvement. Third, there is some evidence that the 3-D structure currently
perceived depends on previous 3-D models.

The issues of the time course of the buildup of accuracy of perceived 3--D structure
and the possible dependence of the currently perceived structure on past 3-D models
were specifically motivated by Ullman's incremental rigidity scheme. It is expected that
there will be some temporal buildup in accuracy, due to the extended temporal window
over which image motion is first measured. The extent of this temporal window.
however, is typically on the order of 80-100 msec (for example, McKee & Welch, 19S5).
Ullman's model proposes that the recovery of structure itself takes place incrementally
over a longer time frame. This possibility is supported by our experiments. Subjects
showed a buildup in accuracy of perceived structure over a second or so. with some
variation between subjects. In quantitative terms, the early time course is similar to
that expected by Ullman's flexible model. We also found evidence in our experiments
suggesting that the currently perceived structure does depend on past models, although
the temporal extent of this effect also may be limited to a second or so.
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A limitation of many computational molels ha-, been an extreme sensituvity to
noise in the visual input. Some models have attempted to overcome this sensitiv-
ity by integrating motion measurements at a single moment, but ok-er large spatial

areas (for example, Bruss & Horn, 1983; Lawton, 1983; Adiv, 1985; Negahdaripour
& Horn, 1985; Ullman, 1984; Waxman & Wohn, 1988), while others overcome this

problem through integration of motioi, measurements over time (Ullnman. 1984; Bolles
& Baker, 1985; Bharwani et a., 1986; Shariat & Price, 1986; Landv. 1987; Bhanu &
Burger. 1988). The results of our experiment with added noise in the visual stimu-
lus suggests that the human system can derive a rough estimate of structure in the
presence of large amounts of noise, even when viewing only three points in motion.
We may integrate motion information over large spatial regions for some tasks, such
as the recovery of observer motion, but an extensive spatial integration by itself can-
not account for our experimental observations. This suggests that the integration of
motion measurements over time, which may be coupled with viewing the motion ove
larger spatial extents, may be a more important factor in reducing sensitivity to noise.
These noise experiments also suggest that the human visual system may not rely on

li:cise measurements of the velocities and accelerations of image features, but rather
may require only rough estimates of the motion of iDnage features, perhaps over an
extended time period. This observation is consistent with recent studies of L. Vaina

(personal communication) regarding patients with visual deficits, which indicate that
patients that lose the ability to make precise velocity discriminations may still be able
to recover 3-- D structure from motion.

Our experiments couple the total viewing time with the total spatial extent of
viewed motion. Other perceptual studies indicate that for extended viewing periods,
during which 3-D objects formed from random dots are allowed to oscillate back and
forth, the accuracy in perceived 3--D structure increases with the angular extent of
rotation (for example. Braunstein et al., 1987; Todd ct al., 1988; Loomis & Eby, 1988,
1989). Thus the angular extent of viewed motion is by itself a critical factor in de-
termininig the accuracy of perceived structure. Simulations with Ullman's incremental
rigidity scheme show that if the spatial extent of rotation of an object is kept constant,
but its temporal extent is varied by oscillating the object back and forth through mul-
tiple cycles, then the computed 3 -D structure will continue to improve over time

(Hildreth and Grzywacz. unpuiblished observations). We conducted a pilot experiment
in which our configurations of three points were oscillated back and forth, and did not
find any significant improvement in performance over longer times. Thus it remains
incit ar whether t,'Ipo)ral extent of motion is, by itself, a factor in determining the
accuracy of computed structure.

While there exists some qualitative similarity between Ulinan's incremental rigid-
itydv scheme and the human recovery of 3 D structure from motion, there are also clear
differences revealed ill oni cxpeuimmicnt-s. Ill particular, the s(omewhat faster early in-
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crease in human performance, and the flattening off of performance at a level that is
significantly less than perfect pose a challenge that opens the way for fulrther develop-
ment of the model.
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